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CONGRUENCES BETWEEN MODULAR FORMS,
CYCLIC ISOGENIES OF MODULAR ELLIPTIC CURVES,
AND INTEGRALITY OF p-ADIC L-FUNCTIONS

SHU-LEUNG TANG

ABSTRACT. Let I' be a congruence subgroup of type (N1, N2) and of level N.
We study congruences between weight 2 normalized newforms f and Eisenstein
series F on I" modulo a prime p above a rational prime p. Assume that p{ 6N,
FE is a common eigenfunction for all Hecke operators and f is ordinary at p.
We show that the abelian variety associated to f and the cuspidal subgroup
associated to E intersect non-trivially in their p-torsion points. Let A be a
modular elliptic curve over Q with good ordinary reduction at p. We apply the
above result to show that an isogeny of degree divisible by p from the optimal
curve A1 in the Q-isogeny class of elliptic curves containing A to A extends to
an étale morphism of Néron models over Zj if p > 7. We use this to show that
p-adic distributions associated to the p-adic L-functions of A are Zp-valued.

INTRODUCTION

Let A be a modular elliptic curve of conductor N defined over Q and let p > 2
be a prime at which A has good ordinary reduction. Let A be a positive integer
prime to p. In [9], Mazur and Swinnerton-Dyer construct, using modular symbols,
an Hi(A,Z) ® Qp-valued measure piaa on Zy o = @(Z/p"AZ)* (inverse limit

being with respect to natural maps) associated to A, and define the p-adic L-
function of A to be the p-adic Mellin transform of g4 A which interpolates the
values of the complex L-functions L(A, x, z) at z = 1 for Dirichlet characters x of
conductor p"A, n > 0. In the light of Iwasawa theory, one would expect 14 A to
be Hi(A,Z) ® Z,-valued. This is known when A = 1.

Let m : Xo(N) — A be a modular parametrization (i.e. a non-constant Q-
morphism) which sends the cusp oo to the origin of A. Let w4 be a Néron differential
on A. Then n*wy4 = ¢(n)f(q)dq/q, where c(n) € Q* and f(q)dg/q is a normalized
newform on I'g(N). ¢(n) is called the Manin constant of 7 and is conjectured by
Manin to be £1 when A is strong Weil [8]. Stevens in [23] studies parametrizations
7 : X7(IN) — A (which send the cusp 0 (= [?]) to the origin) and refines Manin’s
conjecture as follows.

Conjecture 0.1. ([23, Conj. I]) For every modular elliptic curve A over Q, there
is a modular parametrization X1(N) — A whose Manin constant is +1.
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In [12], p-adic distributions on Zy, p are constructed more generally for modular
forms of weight > 2. In the case of f arising from A as above, the construction
yields an £(A) ® Qp-valued measure v4 o where L£(A) is the period lattice of A
with respect to wa (cf. [23, §4]). If A =1, ppa A and va a coincide (up to a p-adic
unit) under the identification H;(A,Z) = L(A) but may differ in general (due to
the p-adic “multiplier” [12, §14]). It is known (|23, Thms. 1.6, 4.6]) that ¢(7) € Z
and c(m)va a is L(A)®Z,-valued for any modular parametrization 7 : X1(N) — A.
Thus if Conjecture 0.1 is true, then vy A is L(A) ® Zy-valued. We study in this
paper the integrality of v4 A and prove the following (cf. [23, §4, Conj. IV])

Theorem 0.2. With the above notation and assumptions, va a is L(A)QZ,-valued
forp>T1.

To prove Theorem 0.2, it suffices to show p { ¢(7) for some modular parametriza-
tion m : X;(N) — A. Let A be the Q-isogeny class of elliptic curves over Q
containing A. Then there are a unique curve (up to Q-isomorphism) A4; in A and
a modular parametrization 7 : X;(IN) — Aj such that if 7 : X;(N) — A’ is a
modular parametrization of a curve A’ € A, then there is a Q-isogeny 5 : A; — A’
such that # = S om. We call A; the optimal curve in A and 7; an optimal
parametrization. By a result analogous to [11, Cor. 4.1], ¢(m1) € Z[1/2n]|* where
n is the largest square dividing N. (Mazur proves this for X((N)-parametrizations
of strong Weil curves, but his method works also for X;(IN)-parametrizations of
optimal curves.) In particular, p 1 ¢(m1). The next step is to look at Q-isogenies
between A; and A. In this direction, we prove

Theorem 0.3. Suppose p > 7. Let B : A1 — A be a cyclic Q-isogeny of degree
divisible by p. Then (3 is étale at p.

Here we say that an isogeny « : F1 — F» of elliptic curves over Q is étale at p if
the morphism a7, : E1/z, — FE2 /7, of Néron models over Z, is étale. The proof of
Theorem 0.3 relies on Theorem 0.4 below, which reflects a general principle in the
theory of modular curves that whenever there is a congruence between two modular
forms, there should be a fusion module which explains the congruence. Let I' be a
congruence group of type (N1, Na2) and of level N ([21, 1.1]). Let f (resp. E) be a
weight two normalized newform (resp. an Eisenstein series) on I'. Assume that FE
is a common eigenfunction for all Hecke operators and that there is a place 8 of Q
such that the Fourier coefficients of f and E are congruent mod . We say that B
is an Eisenstein prime for £ and f. Let Ay be the abelian subvariety over Q of the
Jacobian Jr of the modular curve associated to I' ([18, Thm. 7.14]) and Ky the
field generated over Q by the Fourier coefficients of f. There is an embedding of Ky
into End(Ay) ®z Q (loc. cit.). Let Cg be the cuspidal subgroup of Jr associated
to £ ([21, 1.8]). Let p be the prime of K¢ below . We say that f is ordinary at p
if the p-th Fourier coefficient of f is a unit mod p. By considering the g-expansions
in characteristic p of A¢[p] and Cg[p], we prove

Theorem 0.4. Let P be an Eisenstein prime for f and E. Assume that P 1 6N
and f is ordinary at p. Then Aflp]NCg # 0.

Returning to the proof of Theorem 0.3, we let 3 : A1 — A be a cyclic isogeny of
degree divisible by p. Assuming that the Galois character on the subgroup of order
p of ker 3 is not the trivial character or the Teichmiiller character, we show that
there is an Eisenstein series F on I'y (N) arising from the Galois representation on
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the p-torsion points of A; whose Fourier coefficients are congruent mod ‘B to those
of f (Prop. 2.6). Theorem 0.4 shows that A; and the cuspidal subgroup of the
Jacobian of X7 (V) associated to F intersect non-trivially in their p-torsion points.
Using the classification theorem of rational cyclic isogenies of elliptic curves over Q
([11], [7]), we deduce that p < 7 (§2.3).

We prove Theorems 0.4, 0.3 and 0.2 in Sections 1, 2 and 3 respectively . For a
field K, we write K for an algebraic closure of K, K for the separable closure of K
in K and G for Gal(K,/K). Throughout the paper, we fix a place 8 of Q above p
and identify the residue field of the valuation ring of Q at 98 as an algebraic closure
F, of F,,. Also fix an embedding of Q into C,, so that B is the place induced by it.
For a prime [, D; will denote a decomposition group in Gg for [ and I; its inertia
subgroup. For a commutative group scheme G and « an endomorphism of G, G[q]
will denote the kernel of a and G[a™] = J,,~, Gla™]. If a is a set of endomorphisms
of G, then G[a] will denote (., Glo]. When G = G, is the multiplicative group,
we write p, for G,,[n]. We shall use the following notation for cusps: if I' is a
congruence subgroup of level N and a, b € Z are such that (a, b, N) = 1, then
(3] = [3]r will denote the I'-equivalence class of the cusp a/b.

Acknowledgments. This work was done while the author was a post-doctoral
fellow at McMaster University. Their support is gratefully acknowledged. I also
thank the referee for suggestions which led to an improvement of Theorem 0.4.

1. FUSION MODULE OF AN EISENSTEIN PRIME

In this section, we prove Theorem 0.4. Let I" be a congruence subgroup of type
(N1, N3) and of level N. Let f (resp. E) be a weight two normalized newform (resp.
an Fisenstein series) on I'. Suppose that E is a common eigenfunction for all Hecke
operators. Let a,, (n > 0) (resp. b, (n > 0)) be the Fourier coefficients of f (resp.
E). (We take ap = 0.) Assume that P is an Eisenstein prime associated to f and
E,ie. ap, =0b, (mod P) for all n > 0. We write f = E (mod P). Assume further
that P+ 6N and f is ordinary at p. We first review some properties of regular
differentials on modular curves and their g-expansions (§1.2) and the g-expansions
of the p-torsion points of the Jacobian of a curve over F, (§1.3). We show that the
g-expansions in characteristic p of A¢[p] and the cuspidal subgroup Cg[p] coincide.
This enables us to conclude that Af[p] and Cg intersect non-trivially.

1.1. Modular curves and Hecke operators. Let $) be the upper half plane
and $* = HUPL(Q). The quotient H/T is an open Riemann surface which can be
compactified to a projective algebraic curve Xr,c = $*/I" over C by the addition of
cusps. By Shimura [18, §6.7], X1 /¢ has a canonical model Xt over Q. The moduli
interpretation of Xt is that it is the coarse moduli scheme of the functor associating
to each Q-scheme S the S-isomorphism classes of generalized elliptic curves over S
with an H-orbit of level N-structures where H is the image of I under the natural
map I' — GLo(Z/NZ). Write X (N), Xo(N), X1(N) for T =T(N), To(NV), I'1(N)
respectively.

Let T; (11 N) and U; (I|N) be the usual Hecke correspondences on Xt (see for
example [18, Chap. 7]). For m € (Z/NZ)*, let oy, € SL2(Z) be such that

(; T(:L) (mod N)

Om
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and write (m) for the Hecke correspondence corresponding to o,,. Let Jr be the
Jacobian of Xt and T C End(Jr) ®z Q the Hecke algebra generated by the images
of T; (It N), U, (IIN) and (m), m € (Z/NZ)*. Denote the images of T;, U; and {m)
in T by the same symbols. For brevity, we shall sometimes write 7; for U; when
[|N below.

1.2. Regular differentials and their ¢g-expansions. Let (v be a primitive N-th
root of unity. Let O be the completion of Z[{y] at the prime below B, and K the
field of fractions of O. Fix an embedding of K in C. Let Xr o be the normalization
of the j-line ]P’}O in the function field of Yt g, where the morphism Yr x — P}O
is defined on points by sending an elliptic curve E with level H-structure to the
J-invariant of E. Then Xr /o is smooth. For any ring R over O, let Qg = Qx./r
be the sheaf of regular differentials with respect to Xr g — Spec R ([5, I 2.1]) and
Q/gr(cusps) = Qx, /r(cusps) the sheaf which, when restricted to the complement
of the cuspidal sections, is the sheaf of regular differentials and whose sections in a
neighborhood of the cuspidal sections are meromorphic differentials with at worst
simple poles along those sections ([10, II 3]). We consider only rings R which are
flat over O or O/p™O for some n.

Proposition 1.1. ([24, Prop. 6.1], [6, Prop. 5.1]) Let R — R’ be a morphism of
rings which are flat over O or O/p™O for some n. Then

H(Xr g, Qr)@r R = H(Xr,p,Qr),
H(Xt R, Qr(cusps)) @ R’ HO(Xr,p/, Q) (cusps)).

1%

We consider the g-expansions of regular differentials. Since H9(Xt JRsYR) =
HY(X(N) /g, g)" by [5, VII 3.3], we can restrict ourselves to the case I' = T'(N).
Let Tate(q) be the Tate curve with N-sides over O[g~]. Tate(q) with Drinfeld
basis ({n, q%) defines a point on Xr /0, and the corresponding morphism

T/0 : Spec O[[q%]] — Xr/0

can be identified with the formal completion of Xt ,» along the section correspond-
ing to the cusp oo (= [é]) ([5, VII 2.4]). For any R as above, we then have a
morphism
1
7/r : Spec R[gN] — Xr g
For any w € H(Xt /R §Y/R), we define the g-expansion of w at 0o to be the element
¢r(w) € R[g~] such that
T/rw = r(W)dg™ /g~
This defines the g-expansion morphism g : H*(Xr g, Q/g) — R[[q%]]. Similarly,
there is a g-expansion map ¢r : H°(Xp g, Q,g(cusps)) — R[g~]. Let B°(0)
(resp. B(O)) be the submodule of O[¢~] consisting of the g-expansions at oo of
cusp forms (resp. holomorphic modular forms) of weight 2 on I" with coefficients
in O. For any R as above, let B(R) = B°(0) ® R and B(R) = B(O) ® R. One
can show, using Prop. 1.1, that ¢r(H°(Xr,/g,Q/r)) C B°(R) ([24, Prop. 6.2]).
Similarly, we have ¢r(H°(Xr, g, Q/r(cusps))) C B(R). So we have maps
(1.1) YR : H°(Xt/R, Q/R) — B°(R),
(12) ¢r: H°(Xp r,Qr(cusps)) — B(R).
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One can define an action of T on H%(Xr g, g(cusps)) using the definition of
Hecke correspondences, and one on B(R) by its action on the g-expansions of
classical modular forms. With these actions, (1.1) and (1.2) are then T-morphisms.
Furthermore, if g € R[[q%]] with zero constant term is a common eigenvector for
T, (11 N) and U; (I|N) with eigenvalues ¢;, then the usual recursive relations ([18,
(3.5.12)]) show that g is determined by the ¢; up to multiplication by a constant.

1.3. g-expansions of p-torsion points. Let X be a smooth projective curve de-
fined over F,, and let J be its Jacobian. Let 2} be the canonical sheaf of differentials
on X and let C be the Cartier operator on H°(X, Q%) ([3]). There is a canonical
isomorphism (cf. [15, §11, Prop. 10])

(1.3) §: J[p] — HO(X, QL)

where J[p] = {z € J(F,) : pr = 0} and H(X,Q4)¢ = {w € H'(X,Q%) : Cw = w}.
The definition of ¢ is as follows: if x in the domain is represented by a divisor D
on X 5 such that pD = (g) where (g) is the divisor of g, then 6(z) = dg/g.

Proposition 1.2. ([24, Prop. 6.5], [6, Prop. 5.2]) Let J be the Jacobian of X =
Xy 5, and let ¢z be as in (1.1). Then 5, © (6 ® 1) induces an injection ¢ :
Jp) @x, Fp — BO(F,) such that po T =T, o for all n > 1 where T,, is the n-th
Hecke operator and T} is the dual of the endomorphism of J which T, induces by
Pic functoriality.

We call ¢ in Proposition 1.2 the g-expansion map of the p-torsion points of J.
Let Ay be the abelian subvariety over Q of the Jacobian Jr of Xr associated to
f (18, Thm. 7.14]). Let K be the field generated over Q by the a, and ¢ the
embedding Ky — End(Jr) ®z Q from the construction of Ay (loc. cit.). Let p be
the prime of K¢ below ‘B.

Proposition 1.3. Assume that p t N and f is ordinary at p. Then the image of
Af[p]/Fp (Fp) @k, Fp under ¢ is the F-module generated by the reduction f of f(q)
in BO(F,).

Proof. By [18, Thm. 7.14], A is stable under subrings of Endg(Jr) = End(Jr)®zQ
induced by the Hecke correspondences T,, via Albanese functoriality and Pic func-
toriality which are related as follows. The endomorphism of Jr which T}, induces
by Albanese functoriality is the endomorphism denoted &, in [18, Chap. 7]. Its
dual is the endomorphism of Jr which T,, induces by Pic functoriality. (For more
details, see [14, p. 444].) By [18, Thm. 7.14(b)], {&nx = o(an)x for all 2 € Ay and
all n. Since Jr has good reduction at p, the morphism Ay /7, — Jrz, 1s a closed
immersion ([11, Prop. 1.2]), hence Af[p] /F, Jrlp] JFy- Since f is ordinary at p,
Agp]r, (Fp) is a one-dimensional vector space over the residue field of p (cf. [25,
Thm. 2.2]). The action of ¢(ay) on Ag[p]/x, (Fp) is given by multiplication by a,

mod p. For any z in Af[p]/]Fp (Fp) and n > 1, it follows from Prop. 1.2 and the
above discussion that

Thp(z®1) =T,z ®1) = p(an)r @ 1) = anp(z ® 1).
Now 7 is a common eigenvector for all T,, with eigenvalues a,, mod p. Thus
oz ®1), f e B%F,) are two common eigenvectors of T}, for all n with the same

eigenvalues. (Note that BY(F,) C ¢F,[q].) So ¢(z ®1) = cf for some ¢ € F,. This
proves the proposition. O
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Remark 1.4. Let 0 : Ky — C be an embedding. Let f“ be the cusp form obtained
by applying o to the coefficients of f (cf. [18, Thm. 7.14]), A7 the abelian subvariety
of Jr associated to f” and p? the o-conjugate of p. Then aj is a unit mod p?, so
f¢ is ordinary at p?. If o extends to an element in the decomposition group Dy
for P (we view Ky as a subfield of Q), then the same arguments as in Proposition

1.3 show that ¢ (A[s°) s, (F,) @ F, ) =T, - J7.

1.4. Cuspidal subgroups associated to Eisenstein series. We recall some
results in [21] and [22] which we need below (Props. 1.5, 1.6 and 1.7). Let &p
be the space of weight 2 Eisenstein series on I'. For any E € &r, let wg be the
differential form on $/T" whose pull-back to $) is E(z)dz. Let P(FE) be the image
of

E-

H,(9H/T,72) — C, 7»—>/w
g
For any Z-module M C C, let &p(M) ={E € & : P(E) C M}. We then have
Proposition 1.5. ([22, Prop. 1.1(a)]) For any Z-module M C C, the natural map
Er(Z) @z M — Ep(M) is an isomorphism.

In [21, §1.8], Stevens showed how one can associate to an arbitrary E € &r a
subgroup Cg of the cuspidal group Cr of Jr. The construction of Cg is as follows.
Let cusps = cusps(T") denote the set of cusps on Xr and Div®(cusps) the group
of divisors of degree zero supported on the cusps. For any Z-module M, define
DivY(cusps; M) = Div(cusps) @z M. Let

or(F) = Z r.(E) -z € Div’(cusps;C)
recusps
where r,(F) = 27i res;(wg) and res, (wg) is the residue of wg at the cusp . We
note that by [22, Thm 1.3(a)],

(14) o) (B) = e((]) - ao(Elyyy)

s

where e([}]) is the ramification index of [|] over X(1), v~} € SL2(Z) is such that
(7] -0 represents [|] and ag(E[y(ry) is the constant term of the Fourier expansion
of E|y;ry. Let R(E) be the Z-submodule of C generated by the coefficients of 6r(£)
and let

R(E)" = {n € Homg(R(E) ®z Q,Q) : n(R(E)) C Z}.
The subgroup C'r of Cr associated to E is by definition the image of the composition

(1.5) R(E)* — Div’(cusps) 2, Cr,

n L n(ér(£)),
where 6 sends a divisor to its divisor class. Note that since r,(F) is the integral of
wg along some cycle around z, R(E) C P(E). Let Ag = P(E)/R(E).

Proposition 1.6. ([22, Thm. 1.2(a)]) For any E € &p, there is a perfect duality
Cg x Ap — Q/Z.

Suppose E € &r is a common eigenfunction for all T; and (1), [t N. Then there
are Dirichlet characters e; and e2 modulo N such that E|T; = (e1(1) + le2(1))E
for each prime I f N ([21, 3.2.2, (3.2.3)]). We say that F has signature €j, €.
Let Zley,ea] (resp. Qler, €2]) be the ring generated by the values of €; and e
over Z (resp. Q). By [21, 3.2.1, 3.2.2], P(F) and R(FE) are fractional ideals of
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Qler, €2]. Let 0 = Z[1/2,€1,€2], a = 0 + oR(E) and b the o-module generated by
{1, By -1; By, S(€1)B2,eys 5(62)B2)61—1}, where for ¢ = 1, 2, B; _ are the gener-
alized Bernoulli numbers and

0 otherwise,

and ¢ is the Euler function.

Proposition 1.7. (|21, Thm. 3.6.1]) Let E € &p have signature €1, €. Then
a CoP(E) Cb.

We next give a set of generators of the space over Q of weight 2 Eisenstein series
E of level N with R(E) C Q. For fractional ideals a; and as of Q and a4, a2 € Q,
define

E(z,s) = E(z, s;a1,a2; a1, a2)

(1.6) =—N(a2)2m) ™2 Y (maz+ma) %|miz +my| >

(m1,m2)
for z € 9, s € C with Re s > 2, where the sum is over all pairs (my,ms) € Q2—(0,0)
such that m; = a; (mod a;), i = 1, 2. For fixed z, E(z,s) may be continued

analytically to a meromorphic function in the s-plane which is holomorphic at
s =0 (cf. [19, §3]). Define

(1.7) E(z) = E(z; a1, az2; a1,a2) = E(2,0;a1,a2; a1, az).

The Fourier expansion of E(z) at co is given by

(1.8)

—6(ay,a1)(2m) 72N (az) Z |d|~2 + Z Z |p|e2milbez+baz)
0#d=az (mod a2) c=ay bc(:lood a1) b€ax 1!

where 6(a1,a1) = 1 or 0 according as a1 € a; or not (cf. [19, (3.6)]). For any
(z.) € (N"'Z/Z)%, let
¢($y) (Z) — N—2 Z e2wi(a2w1—a112)E(Z; ai,as; 7, Z)
(a1,a2)E(N—1Z/Z)?
By Hecke (cf. [21, pp. 59-60]), {¢(s,y) : (z,y) € (N"'Z/Z)*—(0,0)} spans the space
of weight 2 Eisenstein series E of level N with R(E) C Q over Q. Another fact we

need is that if Ur is the group of meromorphic functions on Xy ,c whose divisors
are supported on the cusps, then logarithmic differentiation gives an isomorphism

14k
2mi g(z)’
and if E(z) = (2mi)~1g'(2)/g(2), then ér(E) = (g) (cf. [22, §1]).

(1.9) Ur /C* 5 E(Z0),

Lemma 1.8. For any E € Er(Z), the Fourier coefficients of E at each cusp are in
(12N?)~1Z.

Proof. By (1.9) and a theorem of Kubert (cf. [22, §3]), 2F is a Z-linear combination
of the ¢, . with (z,y) € (N~*Z/Z)?—(0,0). For any v = ( Z Z ) € SLa(Z), we
have ¢(q )7 = @ (z,y)|y> Where (2,y)|y = (ax+cy, br+dy) (cf. [21, 2.4.1(a)]). From
21, 2.4.2(a)], we see that the Fourier coefficients of ¢, ., (z,y) € (N"'Z/Z)* —
(0,0), at oo are in (12N?)71Z. O
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Suppose now E is a common eigenfunction for 7; for all [ and (I), I t N, such
that 3 is an Eisenstein prime associated to f and E as at the beginning of §1.

Proposition 1.9. Assume that pt 6N and f is ordinary at p. Then p divides the
order of Cg.

Proof. Let 01 = Zle),e0x 1] and o = 01[1/2]. By Prop. 1.7, N-P(E) C o, so
E € &(N~'o). By Prop. 1.5, there exist \; € N~to, E; € £r(Z) such that
E = 3.\ E;. Since b C N~'o, Prop. 1.7 shows that the non-integral part of
oP(E) is prime to p. (By the integral (resp. non-integral) part of a fractional ideal,
we mean the product of the factors in its prime decomposition which occur to a
positive (resp. negative) exponent.) Since oR(E) C oP(FE), the non-integral part
of oR(FE) is prime to p also. We suppose p{ #Cg and derive a contradiction. By
Prop. 1.6, pt #(P(E)/R(E)), so pt #(0P(E)/oR(E)). Since a C oP(FE) by Prop.
1.7, pt #(0 + oR(E))/oR(E) = #0/(0 N oR(E)). This implies that the integral
part of 0R(E) is prime to p. Hence oR(FE) is prime to p.

Let o = P No; and let 7, be the composite homomorphism 07 — 01/p L8 F,
where tr is the trace map from F := 01/ to F,. Since oy is projective over Z, we
can lift 7, to a surjective homomorphism 7y : 07 — Z. Extend 19 Q-linearly to a
map R(E)®Q — Q, denoted 1y again. Since R(FE) is prime to p, there exists a € Z,
(a,p) = 1, such that aR(E) C 01. Since aR(E) is prime to p, no(aR(E)) = mZ
for some m € Z prime to p. Let n = Zno. Then n € R(E)* satisfies n(R(E)) = Z,
n(o) = £Z[1/2] and n(p) C £Z. So n(N~'o) = -%:7Z[1/2], and we can choose
n € Z, ptn, such that n; = nn(\;) € Z for all . Let

n(kE) = Z n(Xi)E;.

Then
n(E)(q) = Z"?O‘i) Ei(q) = ”(Z Xi Ei(q) = n(E(q)),

where n(E(q)) is the g-series obtained by applying 7 to the coefficients of E(q).
Since f = E (mod ),

(1.10) n(E)(q) = Tre/p, (E(q)) = Trer, (f(q)) (mod pZ,),

where Trg /g, (E(q)) is the g-series obtained by reducing the coefficients of £(q) mod
¢ and taking the trace from IF to [F;,, and similarly for Trg,r,(f(q)), and Z,) is the
localization of Z at p. By (1.9), there exist g; € Ur such that (27i)~1gi(2)/g:(z) =
Ei(z) for all i. Let g =[], g;"" and w = dg/g. Then nn(E)(q) is the g-expansion
of w at oo and (g) = ér(nn(F)). In particular, g is non-constant. Since n(E) =
> in(\)E; with E; € Ep(Z) and n()\;) € Z,) for all i, Lemma 1.8 gives that
n(E) has p-integral Fourier coefficients at each cusp for p t 6N. It follows from
[5, VII 3.9(ii)] that n(E) is a modular form with coefficients in O. (Recall O was
the completion of Z[(y] at the prime below 3.) Hence w arises by extension of
scalars to C from an element (denoted w again) in H(X1(N),0,Q,0(cusps)) with
po(w) =nn(E)(q).

Write X for Xt. Let O*(cusps) denote the sheaf on X ,» which when restricted
to the complement of the cuspidal divisors is the sheaf of invertible elements of Ox
and whose sections in a neighborhood of the cuspidal divisors consist of functions
with divisors supported on those divisors. We see from the exact sequence

0 — O — H(X 0, 0% (cusps)) 2% HO(X 0,2 0(cusps))
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that g comes from a function (denoted g again) in H°(X o, O*(cusps)) up to
an element in O*. Let gy be the function on X /F, obtained from g by the base

change Spec (F,) — Spec (O). Then go is a non-constant function. Since X ¢ is
smooth over Spec (0), (go) = ér(nn(E)) 5, by [17, Thm. 20], where ér(nn(E)) 7,
is the pull-back of ér(nn(E)) to Xz, (The cuspidal sections of X 711 /n,¢c,] are
all disjoint over SpecZ[1/N,(y], cf. [5, VII §2].) Let w,F, be the image of w
in HO(X/FP,Q/FP(cusps)). By (1.10), thP(w/Fp) = n - Trgsr,(f(q)). For each
T € Gal(F/F),), fix a lift o, of 7 in the decomposition group Dy of Gg for P,
and let 2 ® ¢ € AT [p7"] /5, (F,) ® F,, be such that p(z, @ c,) = for (cf. Prop.
1.3, Remark 1.4). Then

o5, (WE,) =nd T =n-¢ (fo ® CT) € ¢ (Jrlpl v, (Fp) ©Fp)

and so wyp, € HO(X/]FP,Q&)C ® F,. Since wg, 18 of the form dgo/go, wE, €
HO(X/FP,Qﬁ() by [3, Thm. 2]. Hence there exists € Agp]/r, (F,) such that
6(x) = w g, by (1.3). If x is represented by a divisor D on X5, then pnD = (g0)
(mod pDiv® (X /FP)), where Div®(X /7,) is the group of divisors of degree 0 on X 7 .
Since p f n and ér(nn(E)) = nér(n(E)), pD = ér(n(E))z, (mod pDiv’(X gz ).
Hence the coefficients of 6r(n(E)) /7, are all divisible by p. But this contradicts the
fact that n(R(E)) = Z. Hence p|#Cg. This proves Proposition 1.9. |

Let Jr/z be the Néron model of Jp,q. Let Cr/z (resp. Ck/z) be the scheme-
theoretic closure of Cr (resp. Cg) in Jp/z.

Corollary 1.10. With notation as above, Cg [p]/]Fp (F,) # 0.

Proof. Since the cusps of X1 () are rational over Q({y) and p f N, Cg is unramified
at p. Thus Cg/z, is a Néron model of C/q, ([1, 7.1, Cor. 6]). By Prop. 1.9, there
exists € Cg/z,(K) of exact order p, where K is the field of fractions of O. Let
T € Cgyz,(0) be the O-valued point corresponding to x. Since Cg[p]/z, is finite
flat, the specialization lemma in [11, §1] shows that the specialization of & to the
special fiber has order p, so Cg(p] /z (F,) # 0. O

Next we determine the image of C(p] 5 (Fp) under ¢.

Lemma 1.11. For any prime | and any E € Er, we have
Ty (6r(E)) = ér(E|TY)
where T} acts on ér(E) via its action on the cusps.
Proof. Let m: X(N) — Xt be the natural projection. The induced map
7* : Div’(cusps(T)) — Div’(cusps(T(N)))

is injective. It is easy to check that 7* commutes with the actions of 1}". Thus it
is enough to prove the lemma with I' = T(N). As {¢() : (z,y) € (NT'Z/Z)* —
(0,0)} spans the space of weight 2 Eisenstein series E of level N with R(E) C Q
over Q, it suffices by Prop. 1.5 to prove the lemma for E = ¢, (z,y) €
(N=1Z/Z)? — (0,0), and all primes [. For [ { N, the lemma follows from [21,
1.3.2,2.4.7, 3.2.1].
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Suppose now I|N. We have the double coset decomposition:

-1
I 0 I 0
F(o 1>F_kUO<Nk 1>F'

So
= Ir
Tror(dew) = D i(bew) [NkHJ
[T]ecusps k=0
r
= > (Xnm@ew) L)
(2]
-1 ,
(1.11) - ZZT[H%](%W)) [,
("] k=0
where the unindexed sum is over all [Z;] € cusps = cusps(I'(N)) such that
[Nkl:,;_s,] =[] for some 0 < k <[ —1. Let S = {[]] € cusps : [ { r} and

S" = cusps — S. We split the sum over []] in (1.11) into two sums ¥; and ¥
over S and S’ respectively. By [21, Props. 2.4.1(a), 2.4.2(a)], ao(¢(z )|V r)) =

3By (rx + sy), where Bs(t) is the second Bernoulli function. We remark that By (t)
is periodic with period 1. So from (1.4),

1
(112) (¢(m7y)> BQ(TJ: + Sy)
For [!] € S we have [T+l];””] =1[/.],s0
1 .r 1 ,r
rprenee) (Gey)) = 1170 (b@y) = el DBa(re +lsy) = se(l Dao(d@,m )
1

= 7110 )
since e([;.]) = e([}])/l for I|N and since I { r. Hence

,
(1.13) 1= > () [
[1les
For [7] € 8" we have ["TNFs] = ["/IFVks/1] g6 by (1.12)
-1
(1.14) Se=1 > > e 32 (rz/l + Nxks/l + sy).

[1]es k=0

Write = a/Na with N2|N and (a, N3) = 1. We now divide into two subcases
according as [ divides N/N3 or not. Suppose first I 1 (N/N3). Then [ 1 a, so

(1.15) Yo =1 Z Z 32 r:c/l—|—ks/l—|—sy)[ ]

7leS’ k=0

By [21, Prop. 2.4.7] and its proof, we have
I-11-1

(1.16) S| Ti = Paty) = D D Bl(ati)/Ly+h/D)-

k=0 j=0
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For [1] € 8, 0<k<l—-1and 0<j<I-1, wehave

T B, x—'—jr—i— y—i—ﬁ 5

S l l
(1.17)

r

s

—e g8 (vt ).

Putting (1.11), (1.13), (1.15)-(1.17) together, we have T;*6r(¢(z,y)) = Or(P(z,y)|T1)
for I 1 (N/Na).
Suppose now I|(N/N3). The proof of [21, Prop. 2.4.7] shows that

-1
(1.18) ) Te =1 Doty Ly)-

k=0
By (1.13), [21, Prop. 2.4.2(b)] and (1.12), we have

=

1
)@@ i) =€ D3
1
2

-

Z D () myrim) [Z]

,_.

7]es k=0j=0
(1.19)
.
= e([ ]) §Bg(rx/l+sy+kr/l+sj/l).
(lles 7 k=0j=0

As k and j run through {0,1,--- ,I—1} , kr+sj (mod !) runs through {0,1,--- ,1—1}
[ times. Thus (1.19) and (1.12) give

-1
5, = Z DY s Balra/t 4 k/1+s0) (1]
k=0
-1
(1.20) =l Z Z L Ba(rafl + ke /L +sy) [ [,]
k=0

=l Z ZT[ (D((atk)/1,y)) [ ].

eSk 0

On the other hand, (1.14) and (1.12) give

=2 3 el(T )5 Balra/i+sy) [[]

[T]es’
(1.21) C T
=1y D> r(@ang) [
k=0["]es’
Combining (1.18), (1.20) and (1.21) gives T}*6r(¢(z,y)) = 6r(d(z,4)|T1). This proves
Lemma 1.11. 0

Observe that since P(E) and R(E) are fractional ideals of Q[e1, €2], Ag and by
duality Cg have natural Z[e1, e2]-module structures. The composite map (1.5) is
a Z[e1, ea]-module map with respect to these structures. If € Cg is represented
by n(ér(E)) with n € R(E)*, then Lemma 1.11 shows that T}*x is represented by
n(ér(E|T1)) = n(biér(E)), where b; is the eigenvalue of T} on E. Hence T}* acts by
multiplication by b; on Cg.
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Proposition 1.12. Under the same assumptions as in Proposition 1.9, the image
of Celpl v, (Fp) ®x, Fp under ¢ is the Fp-module generated by f.

Proof. Let n € R(E)*. Choose 7 € Z such that r(0(n(ér(E)))) is of order dividing
p. Here 6(-) means the specialization to the special fiber of the O-valued point
of Cg/z, corresponding to 6(-). By Prop. 1.2 and Lemma 1.11, we have for each
prime [,

e(ro(mr(EN)ITy = o(rT;0(n(or(E))))
= bip(r0(n(6r (E))))
= ap(rd(n(ér (B))))-
It follows that (r0(n(6r(E)))) = c - f for some ¢ € F,. Since Cg [p)/m, (F,) # 0 by
Cor. 1.10 and n € R(E)* was arbitrary, ¢ (CE[p]/le (F,) ® Fp) =F,-f O

We can now complete the proof of Theorem 0.4. By Propositions 1.3, 1.12
and the iiljectivity of ¥, we have Af[p]/Fp (Fp) ® Fp = Cglp] /g, (Fp) ® Fp, hence
Ag [p]/le (F,) =CEg [p]/Fp (FF,). Since the special fiber of (Af[p]N C’E)/zp is Ay [p]/]ppﬁ
Cg/r,, it follows that Ay[p] N Cg # 0. This proves Theorem 0.4.

2. CYCLIC ISOGENIES OF MODULAR ELLIPTIC CURVES

In this section, we prove Theorem 0.3. Let A; be an optimal curve over Q of
conductor N. Let p > 2 be a prime where A; has good ordinary reduction and let
B : A — Abeacyclic Q-isogeny of degree divisible by p. Let € : Gg — Aut(ker([p])
be the character giving the action of Gg on ker 8[p] and x the Teichmiiller character
giving the action of Gg on p,. Consider the following three cases:

1. e=1,

2. e=x,

3. e#1, x.

We shall show that if p > 7, the first two cases do not occur and [ is étale at p in
the last case.

2.1. Reduction to € # 1,x. If ¢ = 1, then ker 8[p] C A(Q)tors. By Mazur’s
classification theorem [11, Thm. 2|, this implies p < 7. Thus if p > 7, this case
cannot occur.

Suppose next € = x, so ker[p|] = u,. Let A’ = Ay /kerf[p] and let 3’ : A; — A’
be the natural isogeny. By [13, §15, Thm. 1], the kernel of the dual isogeny
[ A’ — A is the Cartier dual of kerf[p] and so is isomorphic to Z/pZ as Gg-
module. This implies that p| #A’(Q)tor. By Mazur’s classification theorem again,
this cannot happen if p > 7.

We assume, henceforth, € # 1,x. Let p : Gg — Aut(A;[p]) = GL2(F,) be the
Galois representation on the p-torsion points of A;. Then with respect to a suitable
basis, we have

(2.1) o~ (6 0)

for some character ¢ : Gg — F,. The Weil pairing shows that det p(Frob;) =
[ (mod p) for any prime [ { Np, where Frob; is a Frobenius element of Gg for . It
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follows from our assumption € # 1,y that ¢ # 1. Since A; is ordinary at p, there
is an exact sequence of finite flat group schemes over 7Z,

0— Ai[plly, — Ailpl/z, — Ailp)fy, — 0,

where the flanking terms are each of order p such that the inertia group I, acts via
X on the Gg,-module associated to A; [p](/JZP and acts trivially on that associated

to Ay [p]‘/’tzp It follows that exactly one of € and €’ is unramifed at p. The next two
lemmas show that we may assume € is unramified at p.

Lemma 2.1. Let 8 : A — A’ be a cyclic Q-isogeny of elliptic curves over Q.
Suppose A has good reduction at p and ker@[p>|(Q) is unramified at p. Then (3 is
étale at p.

Proof. Let By : Ajz, — A’/Zp be the extension of # to Néron models over Z,. To
show that 3, is étale, we have to show that it is flat and unramified. Note that 3, is
quasi-finite and flat [1, 7.3, Lemmas 1, 2]. We check that it is unramified at points
of residue characteristic p. The kernel ker 3, of 3, is a finite flat group scheme over
Zy. Let K be the extension of Q, cut out by kerg, (@p) and let O denote its ring of
integers. Since A has good reduction at p, A[m]| is unramified at p for all m prime
to p by the Néron-Ogg-Shafarevich criterion. By the assumption on ker [p>=](Q),
kerﬂ(@p) is unramified as Gig,-module. Thus ker 3, is a Néron model of kerf3, q,
(1, 7.1, Cor. 6]). Let = € kerf3,(O) be the O-valued point corresponding to a
generator of ker 5,(K). By the specialization lemma in [11, §1], the order of the
specialization of z to the residue field of O equals the order of z. So if Bp is the
reduction of 8, mod p, then

#kerﬁp = #ker( = degf = degﬁp.
By [20, 4.10(a)], #ker Bp equals the degree of separability degsﬁp ofﬁp. So degsﬁp =

deg/3,; hence Bp is separable and unramified by [20, 4.10(c)]. This proves that 3,
is étale. O

Lemma 2.2. Let 8 : A — A’ be a cyclic Q-isogeny of degree d divisible by p.
Suppose A has good ordinary reduction at p and ker S[p| is unramified at p. Then
ker B[p™°] is unramified at p.

Proof. Let €1 be the Galois character on ker[p>]. Write €; @ ey for the semi-
simplification of the Galois representation p : Gg — Aut(A[p"]), where €3 is some
Galois character and p"|| d. Since p is ordinary, one of the characters e; and ey
is unramified at p and the other when restricted to I, is the cyclotomic character
on ppr. By our assumption, €; (mod p) is unramified at p. Since p > 2, € is
unramified at p. This proves the lemma. O

If € is unramified at p, then by Lemma 2.2, ker 3[p*°] is unramified at p. Thus
is étale at p by Lemma 2.1, hence Theorem 0.3. So we assume, from now on,

(2.2) € is ramified at p.

Let m : X;1(N) — A; be a modular parametrization and let f be the associated
weight 2 normalized newform on I’y (V). Write

(2.3) f) = and®, a=eE zes
n=1
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for the g-expansion of f at the cusp co. We show that there is a weight 2 Eisenstein
series E on I'1 (V) associated to p such that 9 is an Eisenstein prime for E and f
(Prop. 2.6). Applying Theorem 0.4 and the classification theorem of rational cyclic
isogenies of elliptic curves over Q, we deduce that p <5 (§2.3).

2.2. Eisenstein series associated to p. Let x; and x2 be two Dirichlet charac-
ters, not necessarily primitive, modulo N7 and Ny respectively. Put

1

G(ai,a;a1,02) = A Z 62”i(_t“2)E(z;a1,t; al,agl)
teNy 22
and
| NN
(2.4) B(xi,x2) = 5 > > xala1)xa(a2)Glar, az; MZ, Z)

al =0 a =0

where F(z;a1,as2;a1,a2) is as in (1.7).

Proposition 2.3. Notation being as above, assume that not both x1 and x2 are
the trivial character of any conductor. Then

(a) E(x1,x2) is a weight 2 Eisenstein series on I'o(N1N2) of character (x1x2)~!.
(b) The Dirichlet series L(E,s) :=Y oo 1 bon™° of E(x1,Xx2) is

L(X178>L(X27S - 1)7

where by, is the n-th Fourier coefficient of E(x1,Xx2) at 0.
(¢) If x1 # 1, then the constant term of the Fourier expansion of E(x1,Xx2) at 0o
15 0.

Proof. (a) and (b) follow from [19, Prop. 3.4] for Artin characters of degree 1 of
totally real number fields of degree > 1. But, as remarked in [25, §1.5], the same
result holds for Q if y; and y2 are not both the trivial character of any conductor.
(c) follows from the Fourier expansion of E(z; a1, az; N1Z,Z) in (1.8), the definition
of E(x1,x2) in (2.4), and the assumption that y; # 1. |

Remark 2.4. Using (1.8), we find that the Fourier expansion of E(x1, x2) at co is

(2.5) E(x1,x2)(2) = Z Z X1(€)x2 (b)be2mitbes)

c=1b=1
From this, we can deduce Prop. 2.3(b) in a similar fashion to [21, Prop. 3.4.2(b)].

We want to apply Prop. 2.3 to certain Dirichlet characters associated to € and €
in (2.1) to get an Eisenstein series with suitable properties. For this, we consider the
ramification behavior of the primes dividing N in Q(A;[p])/Q. For each prime g, let
T, be the g-adic Tate module of A; and V, = T,®z,Q,. Let Hy = HZ (A1 xgQ, Q).
Then V, = Hy; ®q, Qq(1), and the collection {H,}, forms a compatible system V'
of g-adic representations of Gg whose L-function L(V,s) is defined by an Euler
product (for Res > 3):

L(V,s) = [[ Lu(V. ) = [ [ det(1 — Frob; '17*|(H,)") 2,
l l

where for each [, ¢ is a prime # [ and (H,)” is the maximal subspace of H, on
which I; acts trivially.
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Let I be a prime dividing N. Suppose [ || N. Then A; has multiplicative reduction
at [. By [16, §1.12], there is an unramified extension K;/Q; of degree < 2 such that
A, is isomorphic over K to the Tate curve E; = G,/ g% for some ¢ € 1Z; determined
by the j-invariant of A;. We have an exact sequence of Gg,-modules for each n:

(2.6) 0— ppn — A1[p"] — Z/p"Z — 0.

As p is given by (2.1), both € and ¢ are unramified at . On taking inverse limit
over n and then tensoring with Qp, (2.6) gives a (non-split) exact sequence of
G k,-modules:

0—Qp(1) = Vp = Qp—0.

Thus Gg, acts via some character i, of Gal(K;/Q;) on (V,);, (= the maximal
quotient of V,, on which [; acts trivially). From (2.1), ¥y = €|g, (modp) o

Y1 = €|y, (modp). Let S1 = {l : I[N, 11 = €|lgy, (mod p)} and Sy = { :
LIN, 1¢S5}

Suppose now [?|N. Then A; has additive reduction at [. By [16, §5.6 Prop.
23b], the images of I; under € and € are cyclic of order 2, 3, 4 or 6. In particular,
¢ and ¢ are ramified at [.

Let fey i and féé,p,-im be the conductors of the primitive Dirichlet characters
€0,prim and € ;. associated to € and €’ respectively. Let €0,primX ! be the primitive
Dirichlet character such that €g prim = 6o,primX_1 - x. Here we view x as both a
character of Gg and a Dirichlet character. Since € is unramified at p (cf. (2.2))
and €(1)€’(l) = 1 (mod p) for any I { Np, the conductor feoprimx—1 Of €0,primX
is prime to p. Now let egx~! (resp. €q, €j) be the Dirichlet character modulo
Jeox—1 = feo primx-1 Hles2l (resp. feo = feo prim * Hles2 L fe = fﬁ(),p“m ) Hlesl )
whose primitive character is €o primX ™" (resp. €o,prim; €0 prim)- (For a Dirichlet
character ¢ modulo m, we set ¢(n) = 0 if (n,m) # 1.)

Lemma 2.5. (a) fe,y-1fe divides N.
(b) feox—1fey, and N have the same prime divisors.

Proof. (a) By a result of Carayol [2, 0.8], the level N of f is equal to the conductor
of the p-adic representation V,. (For the definition of the latter, see for example [4,
§1.1].) Put ® = ker([p] and ® = A;[p]/®. For any prime | # p, we have

dim]FpAl [p]Gi S dim]Fp‘PGi + dim]pp @/Gi,

where Gop D Gy D --- is the series of ramification groups in Gal(Q;(A1[p])/Q1).
Since Y"2,[Go : G;] 7! dimp, (®/@C) is the l-part of fe, ... and similarly for ¢’
and €, the l-part of fe, .. féé,prim divides N. To see that the I-part of f¢, fe; divides
N, we need only consider the case I ||N. In this case I { fe, im Jey > SO Dy the
definition of f¢, and f., we have [ [|fe, fe,. Hence fc, 1 fe, divides N. This proves
a).

( )(b) Let [ be a prime. If [||N, then I|fe, or I|fe. If I[N, then € and ¢’ are both
ramified at I, so [|fe, and I|f.,. This proves (b). |

We now apply Prop. 2.3 to x1 = €}, and x2 = e¢ox ! to get an Eisenstein series
E = E(e},e0x1). (Recall that, under our assumption (2.2), €/, and egx ' are both
non-trivial.)
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Proposition 2.6. The Fourier coefficients of the q-expansions of E and f at oo
are congruent mod ‘P :

E(q) = f(g) (mod P).

Proof. By Prop. 2.3(b), the Euler factor L;(FE,s) of L(E,s) at a prime [ is
(1 —e,(DI*)7H1 — eox H(1)I1=%)~L. We have a formal Euler product for the
Dirichlet series L(f, s) of f:

L(f,s) =[] Lu(f,s) = [J(1 = at=) [J (1 — @l == + 127271,
1 IIN UN
where a; is the I-th Fourier coefficient of f in (2.3). By [2], L(f, s) = L(V, s).
For [ f Np, we have legx (1) - €(I) = | and, by the Eichler-Shimura relations,
a; = tr(p(Frob;)) = e(Frob;) + € (Frob;) = legx (1) + €5(1)  (mod P),
o
(1=l + 1172 = 1 —leox YD) LA — ey ()17*)"t = Ly(E, s) (mod P).

Let [[N. Then L;(f,s) = (1 — a;l=*)~L. Suppose [||N. By (2.1) and the definition
of € and egx !, we have

1—al ™) =1 -7 = Li(E,s) (modP),

where €* = ¢ or ¢ according as [ € S or [ € S3. Next suppose l2|N. Then a; =0
and L;(f,s) = 1. Since €4(1) = eox (1) =0, Li(E,s) = 1.

Finally, suppose [ = p. Since A; is ordinary at p, a, is congruent mod P to the
eigenvalue of Frobenuis on the p-adic Tate module of Ay /g,. So we have

(L=app™+p-p ) =1 —ap™) ' =1 —¢p)p™®)"" (mod P).

Hence L;(f,s) is congruent mod B to L;(F,s) for each I. This shows that a, =
by, (mod P) for each n > 1 and, together with Prop. 2.3(c), proves the proposition.
O

We show that E = E(e), eox ') is a common eigenfunction for all 7; and (I).

Lemma 2.7. For any prime l, we have
(a) E[(I) = Eif Lf N;
(b) E|T; = (e5(1) + leox™ (1) E.
Proof. (a) Since €)(1) - egx~1(l) = 1 for all [ { N, E is modular on I'o(N) by Prop.
2.3(a). Hence E|(l) = E|o; = E.
(b) We use the g-expansion of E at oo given by (2.5):

oo

E(z) = Y. eleox b, q=e",
b=1

c=1
0

= Z bnqn7
n=1

where b, = >_,._,. €4(c)eox 1 (b)b for each n > 1.
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By Prop. 2.3(a), the level of E divides fc -1 f¢, which has the same prime
divisors as N by Lemma 2.5. The action of 7} on F is then given by ([18, (3.5.12)]):

(2.7) BT, = Y bmg"+1Y baud™, 1N,
n=1 n=1

(2.8) = ) bwg", IN.
n=1

Suppose first [ { N. Then

bin = Z ep(c)eox 1 (b)b

be=Iln

v o O T oo

Itb b

=col) D eo(<heox ™" (B)b+leox (1) Y eolcheox (B0
bcl/;n b e=n
Since €y(l)eo(l) = x(1) for all I § Np and p { fo feox—1, it follows that ey(l) =
eox 1(I71) for all I N. So

Iby =1 > €h(c)eox " (b)b

be=n
—eox 17 Y eh()eox(EB)ib
be=n
(2.10) =eox (7)) D ehlc)eox T (B)b
be=In

b

=co(l) D eplc)eox ™ (D)b.

be=In
b

(b) follows from (2.7), (2.9) and (2.10) for [ { N. For I|N, we have

leox ™ (Db f U foy and 1 fupp1,
bin =< eh(1)by, if U] fepy—1 and 11 for,
0 otherwise,

and (b) follows from (2.8). O

2.3. Completion of proof of Theorem 0.3 in the case € # 1, xy. We can now
complete the proof of Theorem 0.3 in this case, assuming (2.2). Applying Theorem
0.4 to f and E, we have A [p|NCE # 0. By [21, Thm. 3.2.4], CF is stable under the
action of Gg, which is given by €. Since € (resp. €') is ramified (resp. unramified)
at p, it follows that kerf3[p] and A;[p] N Cg are two independent cyclic subgroups
of order p defined over Q. Hence A;/kerf3[p] is an elliptic curve over Q which has a
cyclic subgroup of order p? defined over Q. Kenku [7, Thm. 1] has shown that the
table in the introduction of [11] is a complete list of d for which there is a rational
cyclic d-isogeny of elliptic curves over Q. This implies that p < 5. Thusif p > 7, ¢
is unramified at p. This completes the proof of Theorem 0.3.
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3. INTEGRALITY OF p-ADIC L-FUNCTIONS

We now apply Theorem 0.3 to establish Theorem 0.2. We shall use the following
result of Stevens.

Theorem 3.1. ([23, Thm. 4.6]) Suppose p > 2. Let w : X1(N) — A be a modular
parametrization and c(mw) the Manin constant of . Then c(m)va,a takes values in
L(A) @ Zy.

To prove Theorem 0.2, it suffices by Theorem 3.1 to show that there is a modular
parametrization 7 : X;(N) — A such that ¢(7) is a p-unit. Let A be the Q-isogeny
class of elliptic curves over Q containing A. Let A; be the optimal curve in A and
m : X1(IN) — A; an optimal parametrization (cf. the introduction). Let n be the
largest square dividing N.

Proposition 3.2. With notation as above, c(m1) € Z[1/2n]*.

Proof. The analogous result for a strong parametrization 7y : Xo(IN) — Ap (which
takes the cusp oo to the origin of Ag) of the strong Weil curve Ag € A has been

proved in [11, Cor. 4.1] by showing that g : XO(N)S/'%O;:;‘ — Agzay is a for-
smooth
/235
Xo(N) 1] — SpecZ. An analysis of the arguments used there shows that for

mal immersion along the oo-section, where Xo(N) is the smooth locus of

an optimal parametrization m : X;(N) — A; which takes the cusp 0 to the

origin of A;, m : X3 (N)j%‘[oit]h — Ajjzpay is a formal immersion along the 0-
2n n
section. Since X1(N) g, is irreducible if [ { N and since the Atkin-Lehner involu-

tion wy interchanges the two irreducible components of X1 (N) g, if I ||V, we have
c(m) € Z[&£]*. O
Lemma 3.3. Let X - Y, Y 2 Z be morphisms of schemes. Suppose that f is
smooth. Then there is an exact sequence of Ox-modules

0— f*Q%’/Z - Q_lx/z - Q_lX/Y — 0,
where Q}X/Y is the sheaf of relative differentials of degree 1 of X overY and similarly
for Q%,/Z and Qﬁ(/z’ and X is considered as a Z-scheme via go f.

Proof. See [1, 2.2 Prop. 5(b)] and the remark after it. O

Corollary 3.4. Let 3 : A — A’ be a Q-isogeny of elliptic curves over Q étale at
p. Let QL/ZP and Q}L‘,/Zp be the sheaves of Néron differentials on Az, and A'/Zp
respectively. Then 3 induces an isomorphism

5 HY( //vaQiy/Zp) = HO(A/ZMQL/ZP)'
Proof. Since (3 is étale at p, (3,7 is smooth and Qz 4 = 0. So the ex-
P /Zp/ /Zp
act sequence in Lemma 3.3 gives 6*9114'/21, o Q}‘l/Zp' Hence HO(AI/Z;,?Q}A’/Zp)

HO(A/vaﬁ*Qh//Zp)gHO(A/Zpth/ZP)' D

We can now prove Theorem 0.2. As remarked above, it suffices to show that
there is a modular parametrization 7 : X7(IN) — A such that ¢(x) is a p-unit. We
show that a modular parametrization = : X;(N) — A of minimal degree meets
this requirement. By the definition of optimality, there is a Q-isogeny 5 : A1 — A
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such that # = om. We have degm = degfBdegm;. It follows that deg( is
minimal among all isogenies from A; to A. Thus # must be cyclic. Let w4, and
w4 be Néron differentials on A; and A respectively, and let ¢(f) € Z be such that
B*wa = c(B)wa,. I pt degf, then p t ¢(B). If p|deg 5, then § is étale at p by
Theorem 0.3, and so pt ¢(8) by Corollary 3.4. Since ¢(mw) = ¢(8)c(m1) and ¢(m1) is
a p-unit by Prop. 3.2, ¢(7) is a p-unit. This completes the proof of Theorem 0.2.
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